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Àííîòàöèÿ
àññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ îáùåãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïî-
ðÿäêà äèâåðãåíòíîãî âèäà. Äîêàçûâàåòñÿ ñõîäèìîñòü ìíîãîñåòî÷íîãî èòåðàöèîííîãî ìåòî-
äà ðåøåíèÿ óêàçàííîé çàäà÷è. Ìåòîä, èññëåäîâàííûé â ðàáîòå, îñíîâàí íà èñïîëüçîâàíèè
êîíîðìíûõ êîíå÷íûõ ýëåìåíòîâ è ïðîöåäóðû ñãëàæèâàíèÿ ßêîáè.
Êëþ÷åâûå ñëîâà: ëèíåéíîå ýëëèïòè÷åñêîå óðàâíåíèå âòîðîãî ïîðÿäêà, ìåòîä êîíå÷-
íûõ ýëåìåíòîâ, ìíîãîñåòî÷íûé èòåðàöèîííûé ìåòîä, èññëåäîâàíèå ñõîäèìîñòè.
Ââåäåíèå
Ìíîãîñåòî÷íûå ìåòîäû ïðèíàäëåæàò â íàñòîÿùåå âðåìÿ ê íàèáîëåå ýêîíîìè÷-
íûì ñïîñîáàì ÷èñëåííîãî ðåøåíèÿ äèåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðî-
èçâîäíûìè. Ïîñòðîåíèþ è èññëåäîâàíèþ ðàçëè÷íûõ âàðèàíòîâ ìíîãîñåòî÷íûõ ìå-
òîäîâ ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà (ñì., íàïðèìåð, [14℄). Ê ÷èñëó íàèáîëåå
èçó÷åííûõ ñ ýòîé òî÷êè çðåíèÿ ïðèíàäëåæàò ýëëèïòè÷åñèå óðàâíåíèÿ ñ ñàìîñî-
ïðÿæåííûìè ïîëîæèòåëüíî îïðåäåëåííûìè îïåðàòîðàìè âòîðîãî ïîðÿäêà. ×òî êà-
ñàåòñÿ óðàâíåíèé ñ íåñàìîìñîïðÿæåííûìè îïåðàòîðàìè, òî òåîðèÿ ìíîãîñåòî÷íûõ
ìåòîäîâ äëÿ ýòèõ çàäà÷ ðàçâèòà çíà÷èòåëüíî ñëàáåå. Îòìåòèì â ýòîé ñâÿçè ìîíîãðà-
èþ [2℄, â êîòîðîé èçó÷àëñÿ ìåòîä, îñíîâàííûé íà ñèììåòðèçàöèè êîíå÷íîýëåìåíò-
íîãî îïåðàòîðà, à òàêæå [4, 5℄, ãäå ðàññìàòðèâàëèñü ñïåöèàëüíûå âàðèàíòû óðàâíå-
íèÿ êîíâåêöèè-äèóçèè (ïðè äîìèíèðóþùåé êîíâåêöèè). Â íàñòîÿùåé ðàáîòå èñ-
ñëåäîâàíà ñõîäèìîñòü äâóñåòî÷íîãî ìåòîäà äëÿ îáùåãî ýëëèïòè÷åñêîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà äèâåðãåíòíîãî âèäà. Äëÿ àïïðîêñèìàöèè êðàåâîé çàäà÷è èñïîëü-
çóåòñÿ êîíå÷íîýëåìåíòíûé ìåòîä ñ ïðîèçâîëüíûìè êîíîðìíûìè (âîîáùå ãîâîðÿ,
êðèâîëèíåéíûìè) ýëåìåíòàìè. Èç ïîëó÷åííûõ â ðàáîòå ðåçóëüòàòîâ ñòàíäàðòíûì
îáðàçîì âûâîäèòñÿ ñõîäèìîñòü òàê íàçûâàåìîãî W-öèêëà ìíîãîñåòî÷íîãî ìåòîäà
ñî ñêîðîñòüþ, íå çàâèñÿùåé îò h (ïàðàìåòðà òðèàíãóëÿöèè). Ïðèìåíÿåìàÿ íàìè
ìåòîäèêà ïîñòðîåíèÿ è èññëåäîâàíèÿ ìíîãîñåòî÷íîãî ìåòîäà íàèáîëåå áëèçêà ê [3℄.
Îòìåòèì òàêæå, ÷òî ÷òî íåñêîëüêî ìåíåå îáùèå ðåçóëüòàòû î ñõîäèìîñòè ìíîãî-
ñåòî÷íîãî ìåòîäà äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé ñ íåñèììåòðè÷íûìè îïåðàòîðàìè
äðóãèìè ìåòîäàìè ïîëó÷åíû â [6℄
1
.
1. Ïîñòàíîâêà çàäà÷è
àññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïî-
ðÿäêà äèâåðãåíòíîãî âèäà
− div(A∇u+ ub) + a · ∇u+ a0u = f, x ∈ Ω, (1)
1
Ê ñîæàëåíèþ, ýòà ðàáîòà ñòàëà íàì èçâåñòíà â õîäå îîðìëåíèÿ íàñòîÿùåé ñòàòüè.
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u(x) = 0, x ∈ Γ, (2)
Ω ⊂ Rn  îãðàíè÷åííàÿ îáëàñòü, n = 2, 3 , Γ  ãðàíèöà îáëàñòè Ω ,
A = A(x) = (aij(x))
n
j,j=1, a = a(x) = (ai(x))
n
i=1, b = b(x) = (bi(x))
n
i=1.
Çäåñü è äàëåå x·y =
∑
i
xiyi  ñêàëÿðíîå ïðîèçâåäåíèå â êîíå÷íîìåðíîì àðèìåòè-
÷åñêîì ïðîñòðàíñòâå âåêòîðîâ. ×åðåç L2(Ω) îáîçíà÷àåì ãèëüáåðòîâî ïðîñòðàíñòâî
ñî ñêàëÿðíûì ïðîèçâåäåíèåì
(u, v) =
∫
Ω
uv dx,
‖u‖ = (u, u)1/2, Hm(Ω)  ïðîñòðàíñòâî Ñîáîëåâà óíêöèé, èìåþùèõ îáîáùåííûå
ïðîèçâîäíûå íà Ω èç L2(Ω) âïëîòü äî ïîðÿäêà m ≥ 1 , H10 (Ω)  ïîäïðîñòðàí-
ñòâî H1(Ω) , ïîëó÷àþùååñÿ çàìûêàíèåì ëèíåéíîãî ïðîñòðàíñòâà ãëàäêèõ èíèò-
íûõ íà Ω óíêöèé â íîðìå H1(Ω) .
Êàê îáû÷íî, ïîä îáîáùåííûì ðåøåíèåì çàäà÷è (1), (2) áóäåì ïîíèìàòü òàêóþ
óíêöèþ u ∈ H10 (Ω) , ÷òî
a(u, v) ≡
∫
Ω
(A∇u · ∇v + ub · ∇v + va · ∇u+ a0uv)dx = (f, v) ∀ v ∈ H10 (Ω).
Áóäåì ïðåäïîëàãàòü, ÷òî ìàòðèöà A(x) ñèììåòðè÷íà ïðè ëþáîì x ∈ Ω è ðàâ-
íîìåðíî ïîëîæèòåëüíî îïðåäåëåíà, òî åñòü
A(x)t · t ≥ c0|t|2 ∀ t ∈ Rn, x ∈ Ω, c0 = const > 0.
Áóäåì ïðåäïîëàãàòü òàêæå, ÷òî âûïîëíåíû óñëîâèÿ, îáåñïå÷èâàþùèå ïîëîæèòåëü-
íóþ îïðåäåëåííîñòü è îãðàíè÷åííîñòü áèëèíåéíîé îðìû a íà H10 (Ω) :
a(u, u) ≥ c1‖u‖21 ∀u ∈ H10 (Ω), (3)
|a(u, v)| ≤ c2‖u‖1 ‖v‖1 ∀u, v ∈ H10 (Ω), (4)
c1, c2 = const > 0 , ‖u‖1 = ‖u‖H1(Ω) .
Îöåíêè (3), (4), íàïðèìåð, âûïîëíÿþòñÿ, åñëè âñå êîýèöèåíòû aij , ai , bi
ïðèíàäëåæàò L∞(Ω) , a0(x) ≥ 0 , x ∈ Ω , à âåëè÷èíà ‖a‖L∞(Ω)+‖b‖L∞(Ω) äîñòàòî÷íî
ìàëà.
Óñëîâèå (3) âûïîëíÿåòñÿ áåç îãðàíè÷åíèé íà âåëè÷èíó ‖a‖L∞(Ω) + ‖b‖L∞(Ω) ,
åñëè ai , bi , ∈ C1(Ω) , i = 1, . . . , n , a0 − div(a+ b) ≥ 0 íà Ω .
Èçâåñòíî (ñì., íàïðèìåð, [7℄), ÷òî ïðè âûïîëíåíèè óñëîâèé (3), (4) çàäà÷à (1), (2)
èìååò åäèíñòâåííîå îáîáùåííîå ðåøåíèå u ïðè ëþáîé ïðàâîé ÷àñòè f ∈ L2(Ω) ,
ïðè÷åì ‖u‖1 ≤ c‖f‖ , c = const .
Íàðÿäó ñ çàäà÷åé (1), (2) áóäåì ðàññìàòðèâàòü ñîïðÿæåííóþ çàäà÷ó, ñîñòîÿùóþ
â îòûñêàíèè óíêöèè u ∈ H10 (Ω) , óäîâëåòâîðÿþùåé èíòåãðàëüíîìó òîæäåñòâó
a(v, u) ≡
∫
Ω
(A∇u · ∇v + vb · ∇u+ ua · ∇v + a0uv)dx = (f, v) ∀ v ∈ H10 (Ω). (5)
Ïîíÿòíî, ÷òî ïðè âûïîëíåíèè óñëîâèé (3), (4) çàäà÷à (5) èìååò åäèíñòâåííîå ðå-
øåíèå ïðè ëþáîé ïðàâîé ÷àñòè f ∈ L2(Ω) .
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Â äàëüíåéøåì äîïîëíèòåëüíî ê (3), (4) áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû
òàê íàçûâàåìûå óñëîâèÿ ðåãóëÿðíîñòè, òî åñòü ai , bi , aij , i, j = 1, . . . , n , ïðèíàä-
ëåæàò C1(Ω) , Γ  ïîâåðõíîñòü êëàññà C2 . Òîãäà (ñì., íàïðèìåð, [7℄) îáîáùåííîå
ðåøåíèå çàäà÷è (1), (2) ïðèíàäëåæèò ïðîñòðàíñòâó H2(Ω) , ñïðàâåäëèâà îöåíêà
‖u‖2 ≤ c‖f‖,
ãäå c = const . Òî æå ñïðàâåäëèâî è äëÿ ñîïðÿæåííîé çàäà÷è (5). Çäåñü è äà-
ëåå ‖u‖2 = ‖u‖H2(Ω) .
2. Ìåòîä êîíå÷íûõ ýëåìåíòîâ. Ñâîéñòâà êîíå÷íîìåðíûõ îïåðàòîðîâ
Ïóñòü Th  ïðàâèëüíàÿ ðåãóëÿðíàÿ òðèàíãóëÿöèÿ îáëàñòè Ω , óäîâëåòâîðÿþùàÿ
òàê íàçûâàåìîìó îáðàòíîìó ïðåäïîëîæåíèþ (ñì., íàïðèìåð, [8, 9℄). Ïóñòü äàëåå
Vh ⊂ H10 (Ω)  êîíå÷íîýëåìåíòíîå ïðîñòðàíñòâî òàêîå, ÷òî äëÿ ëþáîé óíêöèè
u ∈ H2(Ω) ñóùåñòâóåò óíêöèÿ uh ∈ Vh òàêàÿ, ÷òî2
‖u− uh‖1 ≤ ch‖u‖2. (6)
Ïðåäïîëàãàåòñÿ òàêæå âûïîëíåííûì îáðàòíîå íåðàâåíñòâî
‖v‖1 ≤ ch−1‖v‖ ∀ v ∈ Vh. (7)
Ëåììà 1 (Îáýí Íèòøå). Ïóñòü âûïîëíåíû óñëîâèÿ ðåãóëÿðíîñòè çàäà-
÷è (1), (2), u ∈ H10 (Ω) , v ∈ Vh
a(u − v, w) = 0 ∀w ∈ Vh.
Òîãäà
‖u− v‖ ≤ ch‖u− v‖1.
Äîêàçàòåëüñòâî ëåììû 1 ìîæíî íàéòè, íàïðèìåð, â [8℄.
Â äàëüíåéøåì ïðåäïîëàãàåòñÿ, ÷òî â ïðîñòðàíñòâå Vh èêñèðîâàí íåêîòîðûé
áàçèñ. ×åðåç vh áóäåì îáîçíà÷àòü âåêòîð êîîðäèíàò óíêöèè v ∈ Vh â âûáðàííîì
áàçèñå. Äëÿ ðåãóëÿðíîé òðèàíãóëÿöèè ñïðàâåäëèâû íåðàâåíñòâà
c−1hnvh · vh ≤
∫
Ω
v2dx ≤ chnvh · vh. (8)
Îïèñàíèå ñïîñîáîâ ïîñòðîåíèÿ êîíå÷íîýëåìåíòíûõ ïðîñòðàíñòâ Vh , óäîâëåòâîðÿ-
þùèõ óñëîâèÿì (6)(8) ìîæíî ïîñìîòðåòü, íàïðèìåð, â [8, 9℄.
Ïîä ïðèáëèæåííûì ðåøåíèåì çàäà÷è (1), (2) áóäåì ïîíèìàòü óíêöèþ y ∈ Vh
òàêóþ, ÷òî
a(y, v) = (f, v) ∀ v ∈ Vh. (9)
Åñëè óñëîâèå (3) âûïîëíåíî, òî çàäà÷à (9), î÷åâèäíî, èìååò åäèíñòâåííîå ðåøå-
íèå ïðè ëþáîé ïðàâîé ÷àñòè f ∈ L2(Ω) .
Ïðè èññëåäîâàíèè ìíîãîñåòî÷íîãî èòåðàöèîííîãî ìåòîäà ðåøåíèÿ çàäà÷è (9)
íàì ïîòðåáóþòñÿ ñëåäóþùèå âñïîìîãàòåëüíûå ðåçóëüòàòû.
Ëåììà 2. Ïóñòü y ∈ Vh . Ïîëîæèì
‖y‖2,h = sup
v∈Vh, v 6=0
a(y, v)
‖v‖ , ‖y‖
∗
2,h = sup
v∈Vh, v 6=0
a(v, y)
‖v‖ . (10)
Ñóùåñòâóåò òàêàÿ, íå çàâèñÿùàÿ îò h , ïîñòîÿííàÿ c , ÷òî
‖y‖∗2,h ≤ c‖y‖2,h ∀y ∈ Vh. (11)
2
Äàëåå ÷åðåç c, c1, . . . îáîçíà÷àþòñÿ ïîñòîÿííûå, íå çàâèñÿùèå îò ïàðàìåòðà òðèàíãóëÿöèè h .
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Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ
a(y, v)− a(v, y) =
∫
Ω
(a · ∇yv − a · ∇vy + b · ∇vy − b · ∇yv) dx,
îòêóäà, ïðèìåíÿÿ îðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, à çàòåì íåðàâåíñòâî Êîøè
Áóíÿêîâñêîãî, ïîëó÷èì
|a(y, v)− a(v, y)| ≤ c‖∇y‖ ‖v‖, (12)
ñëåäîâàòåëüíî, ‖y‖∗2,h ≤ c(‖y‖2,h + ‖∇y‖) , ïðè÷åì âñëåäñòâèå óñëîâèÿ (3) è íåðà-
âåíñòâà Ôðèäðèõñà äëÿ y 6= 0 èìååì
‖∇y‖ ≤ c
√
a(y, y)‖y‖
‖y‖ ≤ c
a(y, y)
‖y‖ ≤ c supv∈Vh, v 6=0
a(y, v)
‖v‖ = c‖y‖2,h.
Ââåäåì â ðàññìîòðåíèå âçàèìíîñîïðÿæåííûå îïåðàòîðû A,A∗ : Vh → Vh , îïðå-
äåëÿåìûå ñîîòíîøåíèÿìè
(Ay, v) = (v,A∗y) = a(y, v) ∀ y, v ∈ Vh. (13)
Ïîëîæèì A0 = (A+A∗)/2 , A1 = (A−A∗)/2 .
Ëåììà 3. Ñïðàâåäëèâû íåðàâåíñòâà
◦
γ1 (y, y) ≤ (A0y, y) ≤
◦
γ2 (y, y) ∀ y ∈ Vh, (14)
‖A1‖ ≤
◦
γ3, (15)
ãäå
◦
γ1= c1 ,
◦
γ2= c2h
−2
,
◦
γ3= c3h
−1
.
Äîêàçàòåëüñòâî. Íåðàâåíñòâà (14) íåïîñðåäñòâåííî âûòåêàþò èç î÷åâèäíîãî
òîæäåñòâà
(A1y, y) = 0 ∀y ∈ Vh,
îöåíîê (3), (4) è îáðàòíîãî íåðàâåíñòâà (7). Íåðàâåíñòâî (15) ïîëó÷àåòñÿ ïîñëåäî-
âàòåëüíûì ïðèìåíåíèåì (12), (7).
Ââåäåì â ðàññìîòðåíèå îïåðàòîð Ih : Vh → Vh ïðè ïîìîùè òîæäåñòâà
(Ihy, v) = h
nyh · vh ∀ y, v ∈ Vh.
Îïðåäåëèì òàê íàçûâàåìóþ ñåòî÷íóþ íîðìó íà ïðîñòðàíñòâå Vh êàê ýíåðãåòè÷å-
ñêóþ íîðìó îïåðàòîðà Ih :
‖y‖2Ih = (Ihy, y) ∀ y ∈ Vh.
Âñëåäñòâèå (8) ñïðàâåäëèâû îöåíêè
γ1(y, y)Ih ≤ (I−1h A0y, y)Ih ≤ γ2(y, y)Ih ∀ y ∈ Vh,
‖I−1h A1‖Ih ≤ γ3,
ãäå γ1 = c¯1 , γ2 = c¯2h
−2
, γ3 = c¯3h
−1
, ïîñòîÿííûå c¯i î÷åâèäíûì îáðàçàì îïðåäåëÿ-
þòñÿ ïî ci è c èç îöåíîê (8).
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Ëåììà 4 [10, . 290℄. Ïóñòü τ0 = τ0(1− κρ0) , ãäå
τ0 =
2
γ1 + γ2
, κ =
γ3√
γ23 + γ1γ2
, ρ0 =
1− ξ
1 + ξ
, ξ =
1− κ
1 + κ
· γ1
γ2
.
Òîãäà ‖E − τ0I−1h A‖Ih ≤ ρ0 < 1 , ãäå E  åäèíè÷íûé îïåðàòîð.
Ëåììà 5. Åñëè ‖E − τA‖ ≤ 1 , θ ∈ [0, 1] , òî ‖E − θτA‖ ≤ 1 .
Äîêàçàòåëüñòâî íåìåäëåííî âûòåêàåò èç ïðåäñòàâëåíèÿ
E − θτA = (1 − θ)E + θ(E − τA).
Ëåììà 6. Ïóñòü τ1 = τ0/2 . Òîãäà äëÿ ëþáîãî öåëîãî ν ≥ 1
‖I−1h A(E − τ1I−1h A)ν‖Ih ≤ 1/τ1
√
eν. (16)
Äîêàçàòåëüñòâî. Ïîëîæèì B = E − 2τ1I−1h A = E − τ0I−1h A . Òîãäà
I−1h A = (2τ1)−1(E −B), E − τ1I−1h A = 2−1(E +B),
I−1h A(E − τ1I−1h A)ν = τ−11 2−(ν+1)(E −B)(E +B)ν ,
ïðè÷åì ‖B‖Ih < 1 . Ïîêàæåì, ÷òî ‖(E−B)(E+B)ν‖Ih ≤ 2ν+1/
√
eν . Â ñîîòâåòñòâèè
ñ òåîðåìîé Íåéìàíà (ñì., íàïðèìåð, [11, ñ. 461℄ ) äëÿ ýòîãî äîñòàòî÷íî óñòàíîâèòü,
÷òî
max
|z|=1
|(1− z)(1 + z)ν | ≤ 2ν+1/√eν.
Ïîëàãàÿ z = eiϕ , ïîëó÷èì |(1 − z)(1 + z)ν |2 = 2ν+1(1 − cosϕ)(1 + cosϕ)ν . Äàëåå
íåòðóäíî óáåäèòüñÿ, ÷òî
max
−1≤t≤1
(1 − t)(1 + t)ν = 2
ν+1
ν(1 + 1/ν)ν+1
< 2ν+1/eν.
Çàìå÷àíèå 1. Äîêàçàòåëüñòâî ëåììû 6 ñîâïàäàåò â îñíîâíîì ñ äîêàçàòåëü-
ñòâîì ëåììû åóñêåíà (ñì. [3, 4, 6℄), îäíàêî èñïîëüçîâàíèå òåõíèêè ãèëüáåð-
òîâûõ ïðîñòðàíñòâ ïîçâîëèëî íàì íåñêîëüêî óëó÷øèòü îöåíêó íîðìû îïåðàòî-
ðà I−1h A(E − τ1I−1h A)ν . Êàê èçâåñòíî (ñì., íàïðèìåð, [3, 4, 6℄), ñóùåñòâåííîå
óëó÷øåíèå îöåíîê òèïà (16) äîñòèãàåòñÿ â ñëó÷àå, êîãäà A = A∗ , òî åñòü ïðè
γ3 = 0 . Äåéñòâèòåëüíî, â ðàññìàòðèâàåìîé íàìè ñèòóàöèè ýòî ïðèâîäèò ê òîìó,
÷òî B = B∗ â ýíåðãåòè÷åñêîì ïðîñòðàíñòâå îïåðàòîðà Ih , è ïîñêîëüêó ‖B‖Ih < 1 ,
òî sp(B) ⊂ (−1, 1) , ñëåäîâàòåëüíî,
‖(E −B)(E +B)ν‖Ih = max
t∈sp(B)
(1− t)(1 + t)ν ≤ 2ν+1/eν.
Òàêèì îáðàçîì, ïðè A = A∗
‖I−1h A(E − τ1I−1h A)ν‖Ih ≤ 2/τ0eν.
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3. Ìíîãîñåòî÷íûé ìåòîä. Èññëåäîâàíèå ñõîäèìîñòè
Îïèøåì è èññëåäóåì ñíà÷àëà òàê íàçûâàåìûé äâóñåòî÷íûé ìåòîä ðåøåíèÿ çà-
äà÷è (9). Ââåäåì â ðàññìîòðåíèå òðèàíãóëÿöèþ Th1 îáëàñòè Ω òàêóþ, ÷òî Vh1 ⊂ Vh .
Ïîíÿòíî, ÷òî òðèàíãóëÿöèÿ Th äîëæíà ïðè ýòîì ïîëó÷àòüñÿ êàê èçìåëü÷åíèå òðè-
àíãóëÿöèè Th1 . Â äàëüíåéøåì áóäåì ïîëàãàòü, ÷òî
h1 ≤ ch. (17)
Ïóñòü y0 ∈ Vh  çàäàííîå íà÷àëüíîå ïðèáëèæåíèå ê ðåøåíèþ çàäà÷è (9). Ïî-
ñòðîèì ïîñëåäîâàòåëüíîñòü ïðèáëèæåíèé y1, y2, . . . ∈ Vh ïî ñëåäóþùåìó ïðàâèëó.
1. Åñëè yk óæå íàéäåíî, ïîëîæèì yk,0 = yk è âû÷èñëèì yk,ν , ν ≥ 1 (èñïîëüçóÿ
èòåðàöèîííûé ìåòîä ßêîáè) ïðè ïîìîùè ñîîòíîøåíèé
yk,j+1 = yk,j − θτ1I−1h (Ayk,j − fh), j = 0, 1, . . . , ν − 1. (18)
Çäåñü θ ∈ (0, 1] , fh ∈ Vh è îïðåäåëÿåòñÿ ïðè ïîìîùè òîæäåñòâà
(fh, v) = (f, v) ∀ v ∈ Vh.
2. Íàéäåì w ∈ Vh1 , ðåøèâ óðàâíåíèå
a(yk,ν + w, v) = (f, v) ∀ v ∈ Vh1 . (19)
3. Ïîëîæèì y˜k,0 = yk,ν + w è âû÷èñëèì y˜k,µ , µ ≥ 0 ïðè ïîìîùè ñîîòíîøåíèé
y˜k,j+1 = y˜k,j − θτ0I−1h (Ayk˜,j − fh), j = 0, 1, . . . , µ− 1. (20)
4. Ïîëîæèì yk+1 = y˜k,µ .
Çàìå÷àíèå 2. Ìàòðèöà îïåðàòîðà Ih äèàãîíàëüíà â âûáðàííîì âûøå áàçèñå
ïðîñòðàíñòâà Vh , ïîýòîìó y
k,ν
, y˜k,µ íàõîäÿòñÿ ïî ÿâíûì îðìóëàì. Ïðåäïîëàãà-
åòñÿ, ÷òî ñèñòåìà óðàâíåíèé (19) îòíîñèòåëüíî êîîðäèíàò óíêöèè w â íåêîòîðîì
áàçèñå ïðîñòðàíñòâà Vh1 ðåøàåòñÿ òî÷íî (ïðÿìûì ìåòîäîì).
Çàìå÷àíèå 3. Ïðè îðãàíèçàöèè ìíîãîñåòî÷íîãî ìåòîäà óðàâíåíèå (19), â ñâîþ
î÷åðåäü, ðåøàåòñÿ ïðè ïîìîùè îïèñàííîãî èòåðàöèîííîãî ìåòîäà ñ ïåðåõîäîì íà
áîëåå êðóïíóþ ñåòêó (ïîäðîáíåå ñì., íàïðèìåð, [16℄).
Òåîðåìà 1. Ñóùåñòâóåò òàêîå ν ≥ 1 , ÷òî
‖yk+1 − y‖ ≤ q‖yk − y‖, (21)
ãäå y  ðåøåíèå çàäà÷è (9), q ∈ (0, 1)  ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h .
Äîêàçàòåëüñòâî. Ïî ïðåäïîëîæåíèþ Vh1 ⊂ Vh , ïîýòîìó èç (9), (19) âûòåêàåò,
÷òî
a(yk,ν + w − y, v) = 0 ∀ v ∈ Vh1 . (22)
Âñëåäñòâèå (3)
‖yk,ν + w − y‖21 ≤ c a(yk,ν + w − y, yk,ν + w − y).
Èñïîëüçóÿ (22), ïîëó÷èì, ÷òî
a(yk,ν + w − y, yk,ν + w − y) = a(yk,ν + w − y, yk,ν − y)
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è ïîòîìó (ñì. (10))
‖yk,ν + w − y‖21 ≤ c‖yk,ν + w − y‖‖yk,ν − y‖∗2,h.
Âñëåäñòâèå ëåììû 1
‖yk,ν + w − y‖ ≤ ch‖yk,ν + w − y‖1,
ïîýòîìó
‖yk,ν + w − y‖1 ≤ ch1‖yk,ν − y‖∗2,h,
îòêóäà, âíîâü ïðèìåíÿÿ ëåììó 1, à çàòåì (11), (17), ïîëó÷èì ÷òî
‖yk,ν + w − y‖ ≤ ch2‖yk,ν − y‖2,h. (23)
Ïðèìåíÿÿ ïîñëåäîâàòåëüíî (10), (13), (18), (8), (16), íàõîäèì, ÷òî
‖yk,ν − y‖2,h ≤ ‖A(E − θτ1I−1h A)ν(yk − y)‖ ≤
≤ c‖I−1h A(E − θτ1I−1h A)ν‖Ih‖yk − y‖ ≤ (c/τ1
√
eν)‖yk − y‖. (24)
Èç (20), î÷åâèäíî, âûòåêàåò, ÷òî
yk+1 − y = (E − θτ0I−1h A)µ(yk,ν + w − y).
Èñïîëüçóÿ ëåììû 4, 5, îòñþäà ïîëó÷àåì íåðàâåíñòâî
‖yk+1 − y‖Ih ≤ ‖yk,ν + w − y‖Ih
è, ñëåäîâàòåëüíî,
‖yk+1 − y‖ ≤ c‖yk,ν + w − y‖. (25)
Òàêèì îáðàçîì, íà îñíîâàíèè (23)(25) ïîëó÷àåì
‖yk+1 − y‖ ≤ (ch2/τ1
√
eν)‖yk − y‖.
Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû îñòàëîñü çàìåòèòü, ÷òî
h2
τ1
=
2h2
τ0(1− κρ0) ≤
2h2
τ0(1− κ) =
h2(γ1 + γ2)
1− κ =
c¯1h
2 + c¯2
1− c¯3/
√
c¯23 + c¯1c¯2
≤ const .
Ïîñòðîåíèå è îáîñíîâàíèå ñõîäèìîñòè òàê íàçûâàåìîãî W-öèêëà ìíîãîñåòî÷-
íîãî ìåòîäà ðåøåíèÿ çàäà÷è (9) ìîæåò áûòü ïðîâåäåíî äàëåå íà îñíîâå òåîðåìû 1
ñòàíäàðòíûì îáðàçîì (ñì., íàïðèìåð, [3, 4, 6℄).
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå ÔÔÈ (ïðîåêòû  09-01-00814,
09-01-97015).
Summary
M.M. Karhevsky. On Convergene of Multigrid Method for Ellipti Equations of Seond
Order.
The Dirihlet problem for the general ellipti equation of seond order in divergene form
is onsidered. Convergene of the multigrid method for solving this problem is proved. The
method investigated in the artile is based on the appliation of onform nite elements and
Jaobi smoother proedure.
Key words: linear ellipti equation of seond order, nite element method, multigrid
method, 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